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Abstract 

Let K be a number field. This paper considers arithmetic func- 
tions over K, that are, complex valued functions on the set of nonzero 
integral ideals in K. Firstly we generalize some basic results on arith- 
metic functions. Next we define the generalized Ramanujan sums over 
K and show some properties. 

1 Introduction 

In this paper, we fix a number field K of degree d and denote the set of all 
non-zero integral ideals in K by / = I# and the set of all complex valued 
functions on I by Q, which is the set of all arithmetic functions when K = Q. 
In Mitsui [6], an element of Q is called an ideal function of K, but we call 
it a function on I or an arithmetic function over K since the name "ideal 
function" is not used commonly. Our purpose is to extend some results of 
arithmetic functions. 

In the second section, we consider basic and abstract results on arithmetic 
functions over K which are the generarizations of Cashwell and Everett PQ, 
and Ryden [7j for arithmetic functions over Q. Let / and g be functions on 
/. The Dirichlet convolution f * g of / and g is defined by 

/*<7(a) = ^/(b)<?(c) 

bc=a 

for a G /. We shall show that Q is a unique factorization domain (UFD for 
short) and investigate some properties of 

M(S) = {f : / -> C | / ^ and f(ab) = /(o)/(b) for any (a, b) G S}. 



for any subset S C I x / such that (o, b) G 5 if and only if (b, a) G 5. 
Our aim is to determine the condition for M(S) to be closed under Dirichlet 
convolution or to be a group. 

In the third section, we consider the sums which are the generalization 
of the Ramanujan sums. For positive integers n, k, the Ramanujan sum is 
defined by 



C k (n) = J> d 



d\ (n,k) 

where \x is the Mobius function in the usual sense. The sum is generalized 
by many authors. For example, Kiuchi and Tanigawa [I] considered the sum 

S f (m,n)= £ 

d\(m,n) 

for any arithmetic function /. For simplicity, the integral ideal generated by 
1 in K is denoted by 1 and the function which maps all integral ideals to 1 
is denoted by 1. The Mobius function \i = \ik for K is defined by 

fl o = l, 

Mo) — \ ( — l) r a is a product of distinct r prime ideals, 
y a is not square free. 

We consider the generalization of the above sums in K. 

Definition 1. Let f be a function on I. For integral ideals m, n of K, we 
define the sum S/(m, n) by 

5|(m,n) 

where Na is the norm of a. 

In the case K = Q, / = 1, m = (m), n = (n) for some positive integers 
m, n, we can immediately see that S/(m, n) = C m {n). Many results in jl] are 
extended in this paper. For instance, we shall show the following theorem. 

Theorem 2. Let n be an integral ideal in K . For positive number A > Nn, 

f*g{n)= iv^ (am) P /(m ' n) 

Nm<A \l< Na <[ * ] / 
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Using Theorem we will derive some corollaries. 

2 On abstract results 

Cashwell and Everett showed that the set of all arithmetic functions over Q 
is a UFD. We shall show that it is also true when K ^ Q. Remark that the 
identity element of Dirichlet convolution is the function 5 such that 5(a) = 1 
when a = 1 and 5(a) = when a ^ 1. For a, b G /, (a, b) (resp. [a, b] ) 
means the greatest common divisor (resp. the least common multiple) of a 
and b. An function / on / is said to be multiplicative if f(ab) = f(a)f(b) 
for coprime ideals a, b G /. Moreover, / is said to be totally multiplicative if 
f(ab) = f(a)f(b) for any ideals a, b G /. 

Theorem 3. The set tt is a UFD. 

Proof. It is easily seen that Q becomes a commutative ring under usual ad- 
dition and the Dirichlet convolution. 

Since the set of all prime ideals of K is countable, we can order prime 
ideals such as pi, p2, • • • . For a prime ideal p, we denote the p adic valuation 
by v p . We associate a formal power series P(f) to / G Q given by 

p(f) = Y,f^) x i l(a)x 2 2{a) --- 

a 

and observe that Q and the formal power series ring C{X 1? X 2 , • • • } are 

isomorphic as commutative rings. According to [1], C{Xi, X 2 , ■ ■ ■ } is a 

UFD. □ 

In the remainder of this section, we generalize and rewrite the result of 
Ryden [7]. Our main aim is to generalize Ryden's results, that is, to study 
whether M(S) is a group or not. Assume that S ^ and (a, b) G S if and 
only if (b, a) G S for any S C / x / in this section. 

At first, we prepare some notations. Let 

T(f) = {(a,b) e I x I \ f(ab) = f(a)f(b)} 

for / G Q, and 

R = {(a, b) G / x I | a, b are coprime}. 

We see T(f) D S for / G M(S) by the definition. In particular, if / is 
multiplicative then / G M(R) and T(f) D R. Next, we define some words. 
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Definition 4. Let S be a subset of I x I . S is said to be divisible if it satisfies 
the follwing condition 

If(a,b) G S, then (0,0') G S for any divisor d (resp. d') of a (resp. b). 

For example, R is divisible. 

Definition 5. For S C I x I, we define conditions (A) and (B) as following. 

(A) f,ge M(S) implies f*ge M(S). 

(B) f G M(S) implies / * 1 G M(S). 

We see / * g is also multiplicative when / and g are multiplicative, how- 
ever / * g is not always totally multiplicative even if / and g are totally 
multiplicative. Thus, the set R has the condition (A) but I x I does not. 

For / G M(S), if (1, 1) G S, then /(l) = 1 or 0. In addition, if /(l) = 1, 
then (1, a) G T(f) for any integral ideal o. 

Definition 6. Let S be a subset of I x I and a±, • • • , bi • • • integral ideals of 
K. The operation 

(cii, ■ • • , o n ) < — > (bi, • • • , b„, b n+ i) 
zs sazd to be an S-step if 

(1) at = bi for i = I, - ■ - n - 1, 

(2) a„ = b„b„ + i, 

(3) (b n ,b n+l )eS, 

where all n-tuples are to be considered as unordered. A sequence of S-steps 
is called an S-chain and we set 

S x = {(a, b) G / x / | there exists a finite S-chain from (ab) to (a, b)}. 

By the definition, S* C when Si C S 2 . For / G Q and a finite 
T(/)-chain (ab) —>■•••—>■ (a, b), we can confirm that f(ab) = f(a)f(b). 

For o G /, the number of divisors of a is denoted by dx{<x) = d(a), which 
is said to be the divisor function for K. We start with the following lemma. 

Lemma 7. Let S be a subset of I x I . 
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(1) If S is divisible, S satisfies the condition (A). 

(2) The condition (A) is stronger than the condition (B). 

(3) If S satisfies the condition (B), S C R and (1,1) G S. 

(4) Sc S x andS x = S xx . 

(5) ForanyfeQ, T(f) = T(f) x . 
Proof. For f,ge M(S) and (a, b) G 5, 

/ * ,(ab) = £ /(W), (£) = E / (?) » (£) 

o'|b i)'|b 

= E (?) E /(^ (£) = {/ * * ^ b )>- 

Hence / * g G M(S) and (1) is proved. 
Since 1 G M(S), (2) follows. 

We see d = 1 * 1 G Af(5). Thus 5 c = R. Suppose that (1, 1) £ S 
and define a function / by /(l) = 2, /(a) = for a ^ 1. Then / G M(S) 
and f * 1 $ M(S). This contradicts the condition (B) so (3) is proved. 

For (a, b) G 5, there exists a finite S-chain (ob) — > (a, b) so (a, b) G S x . 
Hence 5c5 x and S x C S xx . We now have to show S x D S xx for (4). 
Take an S x -step 

(ai, • • • , On) < — > (bi, ■ • ■ , b„, b n+ i). 

Since (b n , b n +i) G S x , there exists a finite S'-chain 

(b n b n+ i) -»■ ► (b n , b n+ i). 

Note a n = b n b n+ i and we can rewrite the above S x -step by a finite S'- 
chain. Hence, finite S x -chains can be rewritten by finite S-chains. Therefore, 
S x D S xx and (4) is proved. 

To show T(f) D T(/) x for (5), take (a, b) G T(/) x . There exists a finite 
T(/)-chain (ob) -> • ■ ■ -+ (a, b). So /(ab) = /(a)/(b) and (a, b) G T(/). □ 

Since R = T(d), it follows that R = R x by (5) of Lemma [71 We can see 
M(S) = M(S X ) in general. S x is said to be the multiplicative closure of S 
in Ryden [7J. 
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Lemma 8. Assume that S C / x I satisfies the condition (B) and S = S x . 

(1) // (a, b) e S , e S for any divisor D ^ 1 of a. 

(2) S is divisible. 

Proof. Suppose that (l,f) ^ S for some divisor 5 ^ 1 of a and has the 
minimum norm in such ideals. Consider the function 



/(a) 



1 a = 0, 

otherwise. 



If = ff where f , f ^ 1, (1, f), (1, f) E S by the minimality of 0. When 
(f , f ) G 5, 

(o)^(f,f)^(i,f,f)^(i,f)- 

So (l,5)eS x = 5, contradiction. Hence (f,f) £ 5. This and (1,9), (0,0) £ 
S C R implies / G M(S). However, 1 * / ^ M(S). Hence, it contradicts the 
condition (B), so (1) is proved. 

Suppose S is not divisible, namely, 

A = {(a, b) G S | (0, 0') £ 5 for some | a, (resp.0' | b)where 0, 0' ^ 1} ^ 0. 

We take (oo, bo) E A G S and suppose aobo has the minimum norm in all 
such pairs. Moreover, take (f,f') S where o \ clq, d' \ bo and suppose 
00' = c has the minimum norm in all such ideals. Consider, 



<?(a) 



1 a = c or 1 , 

otherwise. 



Take any pair (f , f) such that c = ff. Suppose (f , f ) ^ (f,0'), (c, 1), and 
(l,c). Now, we shall show (f, f) is not in S. Suppose that (f , f) G 5 and 
define a,0',f),f)' by 

= gf), 5' = fl 'f,' f = 00 ', f = f)f)'. 

We see that (q,q'), (0, f)')> (fl'j f)) e ^ by the minimality of (f,f')- 

There exists an S'-chain 

(wo (f,n (fl, fl ',f) ( ,0', f),f)') (0f),0'f) / ) = (f,fO, 

so (f,f ; ) G S x = S 1 , which is the contradiction. Hence, (f , f) ^ 5 

We see that g G M(S) and 1 * g ^ M(S). But, this contradicts the 
condition (B). Therefore, A = and (2) is proved. □ 
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Now, we prove the main theorems in this section. 

Theorem 9. Let S be a subset of I x I. The set S satisfies the condition 
(A) if and only if S x is divisible and S x C R. 

Proof. Suppose S satisfies the condition (A). By (2), (3) of Lemma [7] and 

(2) of Lemma [HI S x is divisible subset of R. Conversely, (1) of LemmaJ7]and 
M(S) = M(S X ) imply our assertion. □ 

Theorem 10. Let S be a subset of I x I. The set M(S) is a group if and 
only if the following conditions are satisfied 

(1) S CR, 

(2) (1, a) G T(f) for any a and f G M(S), 

(3) S x is divisible. 

In particular, if {1} x I c S C R and S x is divisible, then M(S) is a group. 

Proof. Suppose that M(S) is a group, then the condition (A) is satisfied. (1), 

(3) are followed from Theorem[9l We note that if (1, 1) G S then /(l) = 1 for 
any / G M(S), so (1, a) G T(f) for any a. Hence, (2) is satisfied by Lemma 

m 

Conversely, suppose (l)-(3), and take / G M(S). There exists an inverse 
g of / since f{l) = 1^0. We have to show S C T(g). Let (a, b) G S x . 
Assume that (0,0') G T(g) for (0,0') G S' x such that iV00' < Nab, then 





We remark that g{a) = -j^ E b (^i)|a f( b )9 (§)• Hence, 

-(-g(a))(-g(b)) - g(a)(-g(b)) - g(b)(-g(a)) = g(a)g(b). 

□ 

3 On a generalization of the Ramanujan sums 

In this section, we consider sums Sf(m, n) which are defined in the first 
section. Main purpose is to generalize the results of Kiuchi and Tanigawa 
[I]. At first, we shall show Theorem |2j 

Proof. At first, we show that 

5>(>,n)=( /( » )A ' m «K 



m 



otherwise. 



By the definition of Sf(D, n), 

E^») = EE"(t)/(>' 

0|m 0|m t|(a,ti) 



(|(m,n) 



We note that 



"It 



1 m = I, 

otherwise. 



There exists such [ if and only if (m, n) = m, that is, m|n. Therefore, our 
assertion is proved. 

By the above argument, 

E m E ^ (m ' n)9{[) = E m mf (i) = 7 * ^ (n) - 

[|n m|l [|n 
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On the other hand, 



[|n m|[ JVKA m|l 



E E ^Wp f Kn). 



7Vm<A 

This completes the proof. □ 

The following theorem is important to generalize results over Q to ones 
over K, which is called, Weber's Theorem. 

Theorem 11. (cf. Lang f^, Chap. VI Theorem 3) Suppose [K : Q] = d and 
let I(x) be the number of integral ideals whose norms are less than x. Then, 

I(x) = cx + 0(x 1 ^^) 
where c is the constant depending on K . 

In fact, the residue of the Dedekind zeta function (k(s) with respect to 
K at s — 1 is giving by the constant c in the above theorem. 

In addition, we prepare the partial summation formula on /. Let / : 
[1, oo) — > C be a C 1 function and a a function on /. Set S(x) = ^2 Na<x a(a). 
Then, it follows that for x > 1 

«(a)/(iVa) = S(x)f(x) - f S{t)f{t)dt. 

Na<x ^ l 

by the partial summation formula. 

Using the above partial summation formula and Weber's theorem, we see 
the following fact. 



Lemma 12. We have 

V Xa 



E ^ = °( lo s x ) 



iVa<z 

and 



V — — = 0(x l - a ) for a = Us>l. 



u Na 

x<Na 
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From this, we can get some corollaries of Theorem [2J 
Corollary 13. For 3fts > 1 and an integral ideal n, 

B|tl m 

Proof. Applying Teorem[2]for g(a) = Na 1 ^ 8 where > 1, we have 



/•»<»>= E E ^l^,n). 
Then the inner sum is 



Nm s Na s Nm s Na s Nxn K 

a r^4_i 

IjVm) 

by Lemma [T2l Hence 

7Vm<A \ Ar m <. 



S/(m,n) 



, iVm 



We note that |5/(m, n)| < C for some C which depends on n and /, so the 
error term is 0(A 1 ~ cr log A) by Lemma [T2l Since a — > 1, we conclude 



/ * <7(n) = C*(*) E 



iVm s 



which proves our assertion. □ 
When / = 1, we denote Sf(a, b) by C(a, b), that is, 



C(a t b) = 

0|(a,b) 

For 3fts > 1, the similar argument of Titchmarsh [8] p. 10, gives 

C(a,b) a^ s (b) 



b 3|a 



where a r is defined by cr r (a) = Xlo|a^ r for r G C 
By (T5]) and Corollary [121 we have 
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Corollary 14. 



^ C(a, b) _ 2 ^ S„(m, a) 

2^ mus - 



b m 



To extend Corollary 3 in we show the next lemma. 
Lemma 15. For r G C, the Dirichlet inverse of a r is 



On 



Proof. Let h be the function defined by h(n) = Eo|n ^^M^Mf)- ^ suffices 
to show that (o~ r * h)(n) = <5(n) for all n G J. Since oy * ft, is multiplicative, 
we need only consider the case n = p m where p is a prime ideal and m is a 
nonnegative integer. From h(l) = 1, h(p) = —(1 + Np r ), h(p 2 ) = Np r , and 
h(p m ) = for m > 3, we have 

(<T r *h)(l) = (T r (l)h(l) = l, 

{o r * h)(p) = a r (p)h(l) + a r (l)h(p) 

= (1 + iVp r ) - (1 + Np r ) = 0, 
(a r * h)(p 2 ) = a r (p 2 )/i(l) + a r (p)h{p) + a r (l)/i(p 2 ) 

= (1 + Np r + iVp 2r ) - (1 + iVp r )(l + Np r ) + Np r = 0, 
(a r * h)(p m ) = a r (p m )h(l) + a r {p m ~ l )h{p) + a r (p m - 2 )h(p 2 ) 

= (1 + Np r + • • • + iVp mr ) 

- (1 + iVp r + ■ ■ • + A^p (m " 1)r )(l + Np r ) 

+ {1 + Np r + ■■■ + Np( m -^ r )Np r = 0. 

This finishes the proof. □ 

Remark 16. It seems natural to consider the generic function of Ck{ s ~ 
i")Ck{s) and its inverse to show the above lemma when Ji(s — r) > 1 and 
3?s > 1, but we have the following remark on this. Let a, (5 be functions 
on I- IfZ a ^ = E a S then £^=„«(a) = E^fla) for all n G N, 
however it does not imply a (a) = /3(a) for all a G /. 



Corollary 17. For 5Rs > 1 we have 



1 ^ /x(m)5^(m,n) 
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Proof. Let g(a) = Na 1 s M a )- Using Theorem [2] and Lemma [TBI we have 



o"i-r(n) = (i * g 



( n ) = E I E ]^^( ma ) I ^( m ' n ) 

Nm<A J 



E 

Vm<A 



E 



l<iVa<[^j] 
\ (o,m) = l 

for A > Nn. From Lemma [121 the inner sum is 



//(am) 
N(am) 



S M (m,n) 



/ 



M™) 
Nm s 



(a,m)=l 



Ma) 

7Va s 



\ 



Mm) ^ M^ + 0(Al - SArm -i ; 



«,m)=l / 

Mm) 1 



Nm s ^ iVa 

(a,m)=l 



— T] (I- Np- S ) 1 + 0(A 1 - s Nm- 1 ). 



p|m 



Further, we see 



Nm 



•C ^4 log A — >0 (A — >oo) 



7Vm<A 

for fixed n and 3?s > 1. Therefore, we conclude our assertion. 



□ 



Finally, we state Theorem [T8H201 which are the generalization of Theorem 
2-4 in jl] without proofs since they can be shown by the same algebraic 
method in jl]. 

We denote the number of all prime divisors of o by Q(a) which will cause 
no confusion. For a positive integer k, the Jordan totient function } k — Jk 
for K is defined by 

J k (a) = tf fl fc n(l--L) for a G I, 

where the product is over prime ideals dividing a. In particular, J\ is denoted 
by (j) and said to be the Euler function. 
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Theorem 18. Let n be an integaral ideal which has the decomposition n 
Y\p x . Then 

5 jU (m,n)d(m) 



Nm 



pn 



2 
Np s 



for Rs > 1. 



Following Johnson [3] and so on, a function F : I x I — )■ C of two 
variables is said to be multiplicative if it satisfies the following conditions. 

(1) F(l,l) = l. 

(2) F(oi, bi)F(o 2 , b 2 ) = F(oia 2 , bib 2 ) when (oibi, a 2 b 2 ) = 1. 

Suppose that a, (3, and 7 are multiplicative functions of one variable, and 
set the function of two variables 



9|(a,b) 



7 'i 



Since (oibi, a 2 b 2 ) = 1 implies (01, bi)(a 2 , b 2 ) = (aia 2 , bib 2 ), we see G is mul- 
tiplicative in two variables. In particular, our sum S/(m, n) is multiplicative 
in two variables if / is multiplicative. 

Using the multiplicative property of S^(m, n), we can show the following 
theorems and completes the generalization of results in [I]. 

Theorem 19. It holds that 

[m, n] \ J(mn) 1 



(m,n)J j(hA) N{m,n) 



where 



KJ Jifa) l f\ NpJ 
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Theorem 20. Let define the function W(xn, n) by 



0|fm,nl V / V 



D ' J " V n 

For square free integral ideals m ; n ; we have 

w M =h m)Nm z/m=n ' 

otherwise. 
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